d of a non-compact proper metric space (X, d) is rarely equivalent to the Stone-Čech compactification βX. We give a characterization of such spaces. Also, we show that for each non-compact locally compact separable metric space, βX is equivalent to lim ← − {X d : d is a proper metric on X which is compatible with the topology of X}. The approximation method of the above type is illustrated by some examples and applications.
Introduction and preliminaries.
In this paper all spaces are assumed to be locally compact Hausdorff. For compactifications αX and γX of a non-compact space X we write αX ≥ γX if there exists a continuous map f : αX → γX such that f ↾X is the identity on X. If such an f can be chosen to be a homeomorphism, we write αX ≈ γX and two compactifications αX and γX are said to be equivalent or αX is equivalent to γX.
The Higson compactification is defined for all proper metric spaces [15] as follows. Here a proper metric space is a space X with a specific metric (called a proper metric) d such that each d-bounded set has compact closure. Note that every non-compact proper metric space (X, d) has infinite diameter. x, d) )) = 0 for each r > 0, that is, for each r > 0 and for each ε > 0, there is a compact set K = K r,ε in X such that for each point x ∈ K, diam ̺ (f (B r (x, d))) < ε. For a space X, C(X) (resp. C * (X)) denotes the set of all real-valued (resp. bounded real-valued) continuous functions on X. The set C(X) is a ring under pointwise addition and multiplication with C * (X) being a subring of C(X). We define C d (X) = {f ∈ C(X) : f satisfies the ( * ) d -condition} and that this is a metric-dependent compactification. The remainder X d − X of the compactification is called the corona and is denoted by ν d X.
It is well known that the Higson compactification behaves like the StoneCech compactification (cf. [13] - [16] , [20] ). However, the Higson compactification of a proper metric space is rarely equivalent to the Stone-Čech compactification of the space. For example, the Higson compactification of the positive integers N endowed with the standard metric is not equivalent to the Stone-Čech compactification of N (cf. [15] ). In Section 2, we give a necessary and sufficient condition on a proper metric space X that the Stone-Čech compactification βX is equivalent to X d . In Section 3, we will prove that the Stone-Čech compactification of a locally compact separable metric space X is characterized as the limit space of Higson compactifications of proper metrics on X. This enables us to derive certain information on the Stone-Čech compactification from that on the Higson compactification and vice versa.
In the remaining part of this section we state some preliminary facts on X d . First of all, the compactification X d is characterized as follows: 
, ω the first infinite ordinal, Q the set of all rationals, [0, 1] the closed unit interval, and J = [0, ∞).
A finite system {E 1 , . . . , E n } of subsets of a proper metric space (X, d) is said to diverge if, for each R > 0, the intersection of the R-neighborhoods of the sets E i , i = 1, . . . , n, is a bounded subset of X. Equivalently, a system {E 1 , . . . , E n } diverges if and only if lim x→∞
In what follows we will frequently make use of the Taȋmanov theorem stated in the following form. Theorem 1.2 (cf. [9] , Theorem 3.5.5). Let X be a Tikhonov space and let αX and γX be compactifications of X. The following conditions are equivalent:
The above yields the following characterization which was proved by A. N. Dranishnikov, J. Keesling and V. V. Uspenskij. For undefined notation and terminology, see [4] , [9] , [18] and [19] .
The Stone-Čech compactification versus Higson compactification.
In this section we will characterize the non-compact locally compact separable metric spaces (
Then the following conditions are equivalent:
Proof. Clearly, (1) is equivalent to (2) , and (3) implies (2) . So it remains to show that (2) implies (3). Let X be a proper metric space with C * d (X) = C * (X). Since X is σ-compact, it is represented as X = n<ω C n such that C n is a compact subset of X for each n < ω. Assume that there exists an r > 0 such that X−K is not r-discrete for each compact subset K of X. Then we can choose a point
From the assumption we can take a point
and f 1 (y 1 ) = 1. Continuing this process, we obtain a sequence {K n } n<ω of compact sets, sequences {x n } n<ω , {y n } n<ω of points and a sequence {f n } n<ω of continuous functions satisfying the following conditions for each n < ω:
. Let K be a compact subset of X. From the condition (3) above, there exists an n < ω such that K ⊂ K n . The conditions (1), (2) , (3) and (4) 
If a system {A, B} of closed subssets of a proper metric space (X, d) diverges, then it is clear that d(A, B) > 0. Hence we have in general:
Proposition 2.6. Let X be a non-compact locally compact separable metric space. Then the following conditions are equivalent: 
Proof. The implication (1)⇒(2) follows from Lemma 2.5. Also, by [21] , Corollary 3.5, (2)⇔(3)⇔(4). Next we show that (4) implies (5) . Let K be the set of non-isolated points of X and d a compatible metric on X.
We define a metric on X as follows:
One can verify that ̺ is a compatible proper metric on X and satisfies the condition (5). From Proposition 2.2 we note that (5) implies (1). The proof of the implication (6)⇒ (5) is similar to that of (4)⇒(5). Thus it remains to prove that (5) implies (6) . By the hypothesis (5), there exist a proper metric d on X and a compact subset
The least upper bound of Higson compactifications.
We show that the Stone-Čech compactification is equivalent to the limit space of Higson compactifications. The following is well known and the proof is provided for completeness. Proof. We may clearly assume that X is not compact. Since X is σ-compact, there exists an increasing sequence {K n : n < ω} of non-empty compact subsets of X such that K n is a compact subset of int K n+1 for each n < ω. For the sake of convenience, let K −2 = K −1 = ∅. We can construct a collection {U n : n < ω} of open subsets of X as follows:
Let d be a compatible metric on X. For each n < ω, there exists a continuous function
Since {U n : n < ω} is locally finite in X (actually, it is of order 2), we note that f = n<ω f n is a continuous function on X.
It is easy to see that ̺ is compatible with the topology on X. It remains to prove that ̺ is a proper metric. Fix a point x ∈ X and let r > 0. There exists an n < ω such that
Put PM(X) = {d : d is a proper metric compatible with the topology on X}.
Since X is σ-compact, there exists a sequence {K n : n < ω} of non-empty compact subsets of X such that K n int K n+1 for every n < ω. For convenience, let K −2 = K −1 = ∅. Take a collection {U n : n < ω} of open subsets of X as in Lemma 3.1. Let A and B be disjoint non-empty closed sets of X. Below, we find a proper metric
It is easy to see that the metric d A,B is compatible with the topology on
We divide our considerations into two cases. If either a( Remark 3.4. Higson compactifications are mainly studied in the context of the "coarse geometry", in which the asymptotic behavior of spaces is the main object of study. In view of this geometry, the definition of the partial order ≤ on PM(X) above is too restrictive. To make the definition fit into the scheme of the coarse geometry, one should define d ≤ ̺ to hold if the inequality d(x, y) ≤ ̺(x, y) holds "up to a bounded error" and for "x, y sufficiently close to infinity". Although it is possible to make this statement rigorous, we will keep the original definition in order to avoid technical complexity. Now, we will give an application of the above corollary. R. F. Dickman Jr. proved that for n ≥ 2, the Stone-Čech remainder (R n ) * of the n-dimensional Euclidean space is a non-metric decomposable continuum (cf. [7] ). From Corollary 3.3 we obtain the following result.
Corollary 3.5. Let n be a natural number with n ≥ 2. There exists
Proof. Assume the contrary that for each d ∈ PM(R n ), there exists a proper metric ̺ ∈ PM(R n ) such that ̺ ≥ d and ν ̺ R n is an indecomposable continuum. Put
Since I is cofinal in PM(R n ), and by Corollary 3.3, we note that
Since ν ̺ R n is an indecomposable continuum for each ̺ ∈ I, it follows that (R n ) * is an indecomposable continuum, which contradicts the Dickman theorem above.
The following result is a Higson compactification analogue of Glicksberg's theorem on the Stone-Čech compactification of product spaces [11] . A weaker version can be obtained as an application of Corollary 3.3. See Appendix (c).
non-compact proper metric spaces and suppose Y is non-discrete. Then for each proper metric
̺ on X × Y , X × Y ̺ is not equivalent to X d X × Y d Y .
Proof. Suppose that there exists a proper metric
̺ on X × Y such that X × Y ̺ ≈ X d X × Y d Y . Then the corona ν ̺ (X × Y )
contains a copy of
Y which contains a convergent sequence S with limit point y. Applying Theorem 1 of [16] to the σ-compact subset S \ {y}, we see that S [= the
The firstČech cohomologyȞ 1 (X) of X with integer coefficients is identified with the homotopy classes [X,
The following result was proved by J. Keesling.
Theorem 3.7 ([15], Theorem 1). Suppose that (X, d) is a non-compact connected proper metric space. Then we have an exact sequence
If , in addition, for every r > 0, there is a compact set K r ⊂ X such that the ball B r (x, d) is connected for each x ∈ X − K r , then the above sequence extends to an exact sequence
Let X be a non-compact connected completely regular Hausdorff space. The following exact sequence is classical:
The connection of the sequence ( * * ) with ( * * * ) fits very well the view point represented in Corollary 3.3. That is, taking the limit of the sequence ( * * ) with d varying, we almost recover the sequence ( * * * ) as follows.
Let F ⊂ C * (X) be a subcollection which separates points and closed sets (in X). The evaluation map of F ,
is defined by (e F (x)) f = f (x) for each x ∈ X, f ∈ F . It is well known that e F is an embedding and then the closure of e F (X) in F cl R f (X) is a compactification of X, called the compactification associated with the collection F and denoted by e F X. Let PM C (X) = {d ∈ PM(X) : for each r > 0, there is a compact set 
If PM C (X) is cofinal in PM(X), then the above extends to an exact sequence as follows:
Proof. First, we show that d∈PM(X) C * d (X) is dense in C * (X) with respect to the uniform topology. Let G = d∈PM(X) C * d (X) and note that G separates points and closed sets in X. It follows from Theorem 3.2 that e G X ≈ βX. Let H be the closure of G in C * (X) with the uniform convergence topology. Then H is a closed subring that contains all constant functions and e H X ≥ e G X. Since e G X ≈ βX, we have e H X ≈ βX. From [1] , Theorem 3.7 (cf. [9] , Problem 3.12.22(e)), we conclude that C * (X) = H.
be the natural projection and e : R → S 1 the covering map. We now define
, respectively. Clearly, the following diagram is commutative:
Then from Theorem 3.7 and the fact that the direct limit of exact sequences is exact (cf. [19] , Chap. 4, Sec. 5, Theorem 7) we have an exact sequence
Clearly,
Furthermore, from Corollary 3.3,
This completes the first part of the proof. Next, we assume that
These maps form a commutative diagram with exact rows:
The limit of the above sequence reduces to the following exact sequence:
and it is easy to see that
It follows that i is a bijection and hence
. Thus the second part of the proof is complete.
Let (X, d) be a proper metric space. We improve Theorem 3.2 by proving that βX is the supremum of Higson compactifications, whose coronas have the covering dimension ≤ 2(asdim (X, d) )+1, where asdim(X, d) denotes the asymptotic dimension of a metric space (X, d) introduced by M. Gromov [12] (it is denoted by asdim + X in [12] ). The asymptotic dimensions of product spaces are (roughly) estimated as follows. 
Therefore we have asdim(X × Y, ̺)
It is known that the asymptotic dimension is a quasi-isometry invariant of X (cf. [12] , p. 29, Remark). In other words, 
The following theorem was proved in [8] .
We improve Theorem 3.2 in the following:
Proof. Let asdim(X, d) = n and we will show that βX ≈ sup{X ̺ :
̺ ∈ PM(X) and dim ν ̺ X ≤ 2n + 1}. Since X is σ-compact, there exists a sequence {K n : n < ω} of non-empty compact subsets of X such that K n is a proper subset of int K n+1 for every n < ω. For convenience, let When X = R n with the standard metric, the above Y is a subset of R n ×R with the metric σ((x, s), (y, t)) = max{d n (x, y), |s − t|} (for (x, s), (y, t) ∈ R n × R), which is clearly quasi-isometric to the standard metric d n+1 on R n+1 . Thus Proposition 3.15. The following statement holds:
It is easy to construct a proper metric d on a locally compact noncompact separable metric space X such that (X, d) is quasi-isometric to (J, d J ). For such a metric, asdim(X, d) = 1. Therefore we have: Then X ∪ Y with this topology is a compactification of X, denoted by X ∪ f S(f ). A compactification αX of X is called a singular compactification if αX ≈ X ∪ f S(f ) for some singular map f (cf. [5] and [10] ). This compactification originates with [6] .
For each compactification αX, let C α be the set of all functions f in C * (X) which admit an extension f α to αX. Also, S α denotes the set of all singular functions of C α .
The proof of Theorem 3 of [15] shows the following. Proof. Let αX = e F X and G = {f ∈ F : f is singular}, and let p, q ∈ αX − X be distinct points. Since F (N ) = C * (N ), we note that N is C * -embedded in αX and it follows that cl αX N ≈ βN . Take a point r ∈ cl αX N ∩ (αX − X) with r = p, q. Let U be a neighborhood of r with p, q ∈ cl αX U , and put N ′ = U ∩ N . Note that N ′ is a C * -embedded copy of ω such that F (N ′ ) = C * (N ′ ). In particular, N ′ is C * -embedded in αX. By Lemma 3 of [5] , N ′ ∪ {p, q} is C * -embedded in αX. Now, enumerate N ′ as {x n : n < ω} and Q ∩ [0, 1] as {q n : n < ω} and define a function f * : N ′ ∪ {p, q} → R as follows:
Since N ′ ∪ {p, q} is C * -embedded in αX, there exists a continuous extension F : αX → R of f * . Let f = F ↾X. From [1] , Theorem 3.7 we note that f ∈ G and f α (p) = f α (q). Thus G separates points in αX − X, which, by Theorem 1 of [5] , completes the proof. 
